We exploit the game-theoretic ideas presented in [12] to study the vertex coloring problem in a distributed setting. The vertices of the graph are seen as players in a suitably defined strategic game, where each player has to choose some color, and the payoff of a vertex is the total number of players that have chosen the same color as its own. We extend here the results of [12] by showing that, if any subset of nonneighboring vertices perform a selfish step (i.e., change their colors in order to increase their payoffs) in parallel, then a (Nash equilibrium) proper coloring, using a number of colors within several known upper bounds on the chromatic number, can still be reached in polynomial time. We also present an implementation of the distributed algorithm in wireless networks of tiny devices and evaluate the performance in simulated and experimental environments. The performance analysis indicates that it is the first practically implementable distributed algorithm.
Introduction
One of the central optimization problems in Computer Science is the problem of vertex coloring of graphs, i.e., the problem of assigning a color to each vertex of the graph so that no pair of adjacent vertices gets the same color (i.e., so that the coloring is proper ) and so that the total number of distinct colors used is minimized. In this work, we deal with the problem of vertex coloring in a distributed setting, with a focus on distributed implementations applicable to Wireless Sensor Networks (WSNs). Finding a good (with respect to the total number of colors used) coloring of the nodes of a WSN has many practical applications: First, colors may be seen as frequencies, so that a proper coloring of the nodes corresponds to a solution to the frequency assignment problem; Furthermore, a coloring of a WSN actually partitions its nodes into subsets (each corresponding to a color), such that no communication link exists between any pair of nodes in the same subset, and such a partition might be useful when designing sleep/awake protocols in order to save energy or providing secure group communication.
The challenge of designing vertex coloring algorithms applicable in WSNs lies in both the intrinsic difficulty of the original problem of vertex coloring and the particularities of WSNs. More specifically, the global optimum of vertex coloring is NP-hard [7], and the best polynomial time approximation algorithm achieves an approximation ratio of O(n(log log n) 2 /(log n) 3 ) [6] (n being the number of vertices). In the distributed setting of wireless sensor networks the problem of vertex coloring has been studied before; the randomized algorithm presented in [10] needs, with high probability, O(Δ log n) time and uses O(Δ) colors, where n and Δ are the number of nodes in the network and the maximum degree, respectively. This algorithm requires knowledge of a linear bound on n and Δ. This result was improved in [14] , where the coloring problem is solved in O(Δ + log Δ log n) time, given an estimate of n and Δ, and O(Δ + log 2 n) without knowledge of Δ, while it needs Δ + 1 colors.
In this work, our objective is to find a (suboptimal, inevitably) proper coloring, that at least guarantees some bounded maximum total number of colors used. Towards this direction, we try to exploit the ideas presented in [12]: the vertices of the graph are seen as players in a suitably defined strategic game, where each player has to choose some color, and the payoff of a player is the total number of players that have chosen the same color as his own (unless some neighbor has also chosen the same color, in which case the payoff is 0). The vertices are allowed to perform, sequentially, selfish steps, i.e., change their colors in order to increase their payoffs, and in [12] it was shown that this selfish improvement sequence converges, in polynomial time, into a pure Nash equilibrium of the game, which is actually a proper coloring of the vertices of the graph that uses a total number of colors satisfying all known upper bounds on the chromatic number of the graph (that is, the minimum number of colors needed to color the graph).
Our contribution. Our objective here is to exploit the game-theoretic ideas presented in [12] so as to deploy an efficient, in terms of both time complexity and number of colors used, distributed algorithm for vertex coloring. The algorithm of [12] is in fact a local search method (the vertices perform local changes, by moving to color classes of higher cardinality, until no further local moves are possible); however, it relies on several assumptions that obstruct its straightforward implementation in a distributed setting. In particular, it requires that global information about the cardinalities of all color classes is at any time available to each vertex, and that only a single vertex at each time is allowed to perform a local move. Here, we propose an implementation of the algorithm that deals with these issues, thus enabling its application to distributed settings, while preserving both the efficiency (in terms of time complexity) and the quality (in terms of number of colors used) of the coloring produced.
The solution we propose relies on an extension of the results of [12] that we give here. Namely, we raise the requirement that only one vertex at a time is allowed to perform a selfish step in order to guarantee polynomial time convergence into a Nash equilibrium coloring. In particular, we show that if any subset of nonneighboring vertices perform a selfish step in parallel, then a Nash equilibrium coloring satisfying the bounds given in [12] can still be reached in polynomial time.
